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Abstract
Let G = (V ,E) be a simple graph on vertex set V = {v1, v2, . . . , vn}. Further let di be
the degree of vi and Ni be the set of neighbors of vi . It is shown that
max
{
di + dj − |Ni ∩Nj | : 1  i < j  n, vivj ∈ E
}
is an upper bound for the largest eigenvalue of the Laplacian matrix of G, where |Ni ∩Nj |
denotes the number of common neighbors between vi and vj . For any G, this bound does not
exceed the order of G.
Further using the concept of common neighbors another upper bound for the largest eigen-
value of the Laplacian matrix of a graph has been obtained as
max
{√
2
(
d2
i
+ dim′i
)
: 1  i  n
}
,
where
m′i =
∑
j
{
dj − |Ni ∩Nj | : vivj ∈ E
}
di
.
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1. Introduction
Let G = (V ,E) be a simple graph on vertex set V = {v1, v2, v3, . . . , vn}. For
v ∈ V , the degree of v, the set of neighbors of v and the average of the degrees of the
vertices adjacent to v are denoted by dv , Nv and mv respectively. Let A(G) be the
adjacency matrix ofG and letD(G) be the diagonal matrix of vertex degrees. The La-
placian matrix of G is L(G) = D(G)− A(G). Clearly, L(G) is a real symmetric
matrix. From this fact and Gersgorin’s theorem, it follows that its eigenvalues are non-
negative real numbers. Moreover since its rows sum to 0, 0 is the smallest eigenvalue of
L(G). In [1, Theorem 1, p. 143], it is proved that if λ is an eigenvalue of L(G),
then λ  n and that the multiplicity of 0 equals the number of components of G.
Denote the eigenvalues of L(G) by λ1  λ2  λ3  · · ·  λn = 0.
Among the known upper bounds for λ1 are the following:
1. Anderson and Morley’s bound [1]:
λ1  max{du + dv : uv ∈ E}. (1)
2. Li and Zhang’s bound [2]: If d1  d2  d3  · · ·  dn are the degrees of the ver-
tices of G (here, we are not assuming that di is the degree of vi), then
λ1  2 +
√
(d1 + d2 − 2)(d1 + d3 − 2). (2)
3. Another Li and Zhang’s bound [2]: If r is the right-hand side of (1), if xy ∈ E is
such that dx + dy = r and if s = max{du + dv : uv ∈ E − {xy}}, then
λ1  2 +
√
(r − 2)(s − 2). (3)
4. Merris’s bound [3]:
λ1  max{du +mu : u ∈ V }. (4)
5. A new Li and Zhang’s bound [4]:
λ1  max
{
du(du +mu)+ dv(dv +mv)
du + dv : uv ∈ E
}
. (5)
6. Rojo et al. [5]:
λ1  max
{
di + dj − |Ni ∩Nj | : 1  i < j  n
}
, (6)
where di denotes the degree of vi and |Ni ∩Nj | is the number of common neigh-
bors of vi and vj .
2. Upper bounds for the largest eigenvalue
Rojo [5] has pointed out that sometimes some of these bounds ((1)–(5)) can give
trivial results, that is, results which are greater than n, but (6) gives always a nontriv-
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ial upper bound of λ1. Rojo [5] has also mentioned that (1) is never better than (6),
but we have seen that sometimes (6) is not better than (1).1 The following theorem
presents a bound which is always better than (1) and (6).
Theorem 2.1. If G is a graph on vertex set V = {v1, v2, . . . , vn}, then
λ1  max
{
di + dj − |Ni ∩Nj | : 1  i < j  n, vivj ∈ E
}
, (7)
where di denotes the degree of vi and |Ni ∩Nj | is the number of common neighbors
of vi and vj . This upper bound for λ1 does not exceed n.
Proof. If G has no edges, both sides of Eq. (7) are zero. Otherwise, it suffices to
prove the result for at least one edge in the graph G.
Let xk , k = 1, 2, 3, . . . , n be the eigencomponents of the eigenvector X corre-
sponding to the eigenvalue λ1 of the Laplacian matrix L.
We can assume that one of the eigencomponents (say xi) is equal to 1 and the other
eigencomponents are less than or equal to 1 in magnitude i.e., xi = 1 and |xk|  1
for all k. Also let xj = mink{xk : vivk ∈ E}.
Let cij be the number of common neighbors of vi and vj . Therefore cij = |Ni ∩
Nj |. Now, since xj  xk for all k such that vivk ∈ E,∑
k
{
xk : vivk ∈ E & vjvk /∈ E
}
 (di − cij )xj
and since xk  1 for all k,∑
k
{
xk : vjvk ∈ E & vivk /∈ E
}
 (dj − cij ).
We have
LX = λ1X. (8)
From the ith equation of (8) we have
λ1xi = dixi −
∑
k
{xk : vivk ∈ E}, (9)
1 For the following graph G the use of (1) and (6) gives λ1(G)  6 and λ1(G)  8 respectively.
For this graph (1) is better than (6).
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i.e.,
λ1 = di −
∑
k
{
xk : vivk ∈ E & vjvk ∈ E
}
−
∑
k
{
xk : vivk ∈ E & vjvk /∈ E
}
. (10)
From the j th equation of (8) we have
λ1xj = djxj −
∑
k
{xk : vjvk ∈ E},
i.e.,
λ1xj = djxj −
∑
k
{
xk : vjvk ∈ E & vivk ∈ E
}
−
∑
k
{
xk : vjvk ∈ E & vivk /∈ E
}
. (11)
Subtracting (11) from (10), we get
λ1(1 − xj )= di − djxj −
∑
k
{
xk : vivk ∈ E & vjvk /∈ E
}
+
∑
k
{
xk : vjvk ∈ E & vivk /∈ E
}
 di − djxj − (di − cij )xj + (dj − cij )
 (di + dj − cij )(1 − xj ). (12)
If xj = 1, then xk = 1 for all k such that vivk ∈ E. Therefore from (9),
λ1 = di −
∑
k
{xk : vivk ∈ E} = di − di = 0.
But it is not possible for at least one edge in the graph. Therefore xj /= 1.
From (12) we get,
λ1  (di + dj − cij ),
where vivj ∈ E. Hence
λ1  max
{
di + dj − cij : 1  i < j  n, vivj ∈ E
}
,
i.e.,
λ1  max
{
di + dj − |Ni ∩Nj | : 1  i < j  n, vivj ∈ E
}
.
It is obvious that
max
{
di + dj − |Ni ∩Nj | : 1  i < j  n, vivj ∈ E
}
 max
{
di + dj − |Ni ∩Nj | : 1  i < j  n
}
.
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In [5, Theorem 4, p. 157], it is proved that
max
{
di + dj − |Ni ∩Nj | : 1  i < j  n
}
 n.
Therefore
max
{
di + dj − |Ni ∩Nj | : 1  i < j  n, vivj ∈ E
}
 n.
This proves that the bound given by (7) does not exceed n. 
Remark 2.2. It is easily seen that
max
{
di + dj − |Ni ∩Nj | : 1  i < j  n, vivj ∈ E
}
 max{di + dj : vivj ∈ E}.
Hence (7) is always better than (1).
Example 2.3.
For these graphs λ1(G1) = 7.1 and λ1(G2) = 6.57, rounded to two decimal places
and the mentioned bounds give the following results:
(1) (2) (3) (4) (5) (6) (7)
G1 11 9.94 9.94 9.00 8.73 8 8
G2 10 10 10 9.40 9.40 9 7
Example 2.4. It has been already seen that (7) is always better than (1) and (6), but
(7) is not always better than (2)–(5). For instance, for the graph G3,
the use of (2)–(5) gives λ1(G3)  5.46, λ1(G3)  5.46, λ1(G3)  5.25 and
λ1(G3)  5.20 respectively, while the use (7) gives λ1  6.
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Here is an another upper bound on eigenvalues of the Laplacian matrix of a graph.
Sometimes this upper bound is better than (1)–(6).
Theorem 2.5. If G is a graph on vertex set V = {v1, v2, . . . , vn}, then
λ1  max
{√
2
(
d2i + dim′i
) : 1  i  n}, (13)
where
m′i =
∑
j
{
dj − |Ni ∩Nj | : vivj ∈ E
}
di
,
di denotes the degree of vi and |Ni ∩Nj | is the number of common neighbors of vi
and vj .
Proof. Let xk , k = 1, 2, 3, . . . , n be the eigencomponents of the eigenvector X cor-
responding to the eigenvalue λ1 of the Laplacian matrix L.
We can assume that one of the eigencomponents (say xi) is equal to 1 and the other
eigencomponents are less than or equal to 1 in magnitude i.e., xi = 1 and |xk|  1
for all k. Let cij be the number of common neighbors of vi and vj . Therefore cij =
|Ni ∩Nj |.
Now, since xk  −1 for all k,∑
k
{
xk : vivk ∈ E & vjvk /∈ E
}
 −(di − cij )
and since xk  1 for all k,∑
k
{
xk : vjvk ∈ E & vivk /∈ E
}
 (dj − cij ).
We have
LX = λ1X. (14)
From the ith equation of (14) we have
λ1xi = dixi −
∑
k
{xk : vivk ∈ E},
i.e.,
λ1 = di −
∑
k
{
xk : vivk ∈ E & vjvk ∈ E
}
−
∑
k
{
xk : vivk ∈ E & vjvk /∈ E
}
. (15)
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From the j th equation of (14) we have
λ1xj = djxj −
∑
k
{
xk : vjvk ∈ E
}
= djxj −
∑
k
{
xk : vjvk ∈ E & vivk ∈ E
}
−
∑
k
{
xk : vjvk ∈ E & vivk /∈ E
}
. (16)
Subtracting (16) from (15), we get
λ1(1 − xj )= di − djxj −
∑
k
{
xk : vivk ∈ E & vjvk /∈ E
}
+
∑
k
{
xk : vjvk ∈ E & vivk /∈ E
}
 2(di + dj − cij ). (17)
Taking summation over j on both sides of (17) such that vivj ∈ E, we get
λ21  2
(
d2i +
∑
j
{dj − cij : vivj ∈ E}
)
 2
(
d2i + dim′i
)
.
Therefore
λ1  max
{√
2
(
d2i + dim′i
) : 1  i  n},
where
m′i =
∑
j
{
dj − |Ni ∩Nj | : vivj ∈ E
}
di
. 
Example 2.6. For graph G2 in Example 2.3, upper bound given by (13) is 8.37
rounded to two decimal places. This bound is better than (1)–(6).
Theorem 2.7. If G is a graph on vertex set V = {v1, v2, v3, . . . , vn}, then
λ1  max


√√√√√√
d2i + di +
∑
j
{
di + dj − |Ni ∩Nj | : vivj ∈ E
}
+ ∑
j
{|Ni ∩Nj | : vivj /∈ E} : 1  i  n

 ,
(18)
where di denotes the degree of vi and |Ni ∩Nj | is the number of common neighbors
of vi and vj .
Proof. If G has no edges, both sides of Eq. (18) are zero. Otherwise, it suffices to
prove the result for connected graphs. Let us consider the matrix L2.
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Now, (i, j)th element of L2 is

d2i + di, if i = j ,−di − dj + |Ni ∩Nj |, if vivj ∈ E,
|Ni ∩Nj |, otherwise.
Applying Gersgorin’s theorem to the rows of L2, we get
λ21  max
{
d2i + di +
∑
j
{
di + dj − |Ni ∩Nj | : vivj ∈ E
}
+
∑
j
{|Ni ∩Nj | : vivj /∈ E} : 1  i  n
}
,
i.e.,
λ1 
√√√√√√√√
max
{
d2i + di +
∑
j
{
di + dj − |Ni ∩Nj | : vivj ∈ E
}
+ ∑
j
{|Ni ∩Nj | : vivj /∈ E} : 1  i  n
}
.
Therefore
λ1  max


√√√√√√
d2i + di +
∑
j
{
di + dj − |Ni ∩Nj | : vivj ∈ E
}
+ ∑
j
{|Ni ∩Nj | : vivj /∈ E} : 1  i  n

 .

Theorem 2.8. If G is a graph on vertex set V = {v1, v2, v3, . . . , vn}, then∑
j
{|Ni ∩Nj | : j /= i} =∑
j
{
(dj − 1) : vivj ∈ E
}
, vi ∈ V, (19)
where di be the degree of the vertex vi and |Ni ∩Nj | is the number of common
neighbors of vi and vj .
Proof. Let us choose arbitrarily vertex vi . For fixed vi , let Bk be the set of edges ejk
such that vjvk ∈ E and vivk ∈ E, j /= i, vk ∈ V , i.e.,
Bk =
{
ejk : vjvk ∈ E & vivk ∈ E, j /= i
}
, vk ∈ V.
Therefore |Bk| = (dk − 1). If k /= l, then Bk ∩ Bl = φ. Let B = ∪k{Bk : vivk ∈ E}.
Therefore
|B| =
∑
k
{|Bk| : vivk ∈ E} =∑
k
{
(dk − 1) : vivk ∈ E
}
.
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For fixed vi , let Dk be the set of edges ekj such that vjvk ∈ E and vivj ∈ E,
k /= i, vk ∈ V , i.e.,
Dk =
{
ekj : vjvk ∈ E & vivj ∈ E
}
, k /= i, vk ∈ V.
Therefore |Dk| = |Ni ∩Nk|. If k /= l, then Dk ∩Dl = φ. Let D =⋃k{Dk : k /= i}.
Therefore
|D| =
∑
k
{|Dk| : k /= i} =∑
k
{|Ni ∩Nk| : k /= i}.
Next I shall prove that B = D. For this, let epq ∈ B ↔ epq ∈ Bq ↔ vpvq ∈ E &
vivq ∈ E,p /= i ↔ epq ∈ Dp ↔ epq ∈ D. ThereforeB = D, i.e., |B| = |D|. Hence∑
j
{|Ni ∩Nj | : j /= i} =∑
j
{
(dj − 1) : vivj ∈ E
}
.
Since vi is arbitrary, the proof is finished. 
Remark 2.9. Basically the upper bounds given by (13) and (18) are identical. But
method given by (13) is more efficient than (18). Now,
d2i + di +
∑
j
{
di + dj − |Ni ∩Nj | : vivj ∈ E
}
+
∑
j
{|Ni ∩Nj | : vivj /∈ E}
= d2i + di +
∑
j
{
di + dj − 2|Ni ∩Nj | : vivj ∈ E
}
+
∑
j
{|Ni ∩Nj | : j /= i}
= d2i + di +
∑
j
{
di + 2dj − 1 − 2|Ni ∩Nj | : vivj ∈ E
}
(using (19))
= 2d2i + 2dim′i
(
since m′i =
∑
j
{
dj − |Ni ∩Nj | : vivj ∈ E
}
di
)
.
Hence, the upper bounds given by (13) and (18) are same.
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